Abstract. Thin films of nano-particles deposited on substrates are important for new technological applications. Their physical properties depend crucially on particle size and structural inhomogeneity of the deposition. To systematically investigate these dependencies, we apply graph theory and simulations of voltage-driven tunneling conduction. We implement a network model of nano-particle films, based on data of particle positions on a two-dimensional plane. Assuming that connected particles on the network are within the tunneling distance, we then implement a continuous-time electron tunneling on the network and show how the current-voltage characteristics depend on the graph structure. We visualize the conduction paths through the network which correspond to the measured currents both in random and spatially inhomogeneous films.
Introduction
In search of new materials for advanced technology applications [1] metallic nano-particles deposited on a two-dimensional substrate either as regular arrays [2, 3, 4] or as thin films [5] are being extensively investigated. Often thin films are grown by spin casting or methods that involve non-linear processes in which nano-particles move in a liquid, both leading to characteristically inhomogeneous structures, that can be varied via control parameters of the process [6, 7, 8] . It has been recognized that the physical properties of these nano-particle arrays and thin films depend on the mutual positions of the nano-particles and global characteristics of the structure [9] . In particular, enhanced non-linear conduction properties have been observed in certain structures of nano-particles [10, 11, 12, 13, 14, 15] .
In order to systematically investigate the topology effects on the conduction in two-dimensional nano-particle structures, here we propose a numerical approach based on the graph theory and simulations of the electron tunneling processes. Our approach consists of two steps: -Mapping of an arbitrary nano-particle array to a graph; -Implementation of electron-tunneling through the graph;
In the first part, as described below, the positions of nano-particles on a twodimensional substrate are exactly observed. The mapping of the structure to the graph enables quantitative study of the structure in many details. In the second part, the dynamics of voltage-driven electron tunnelings are strictly linked to the graph structure and thus their dependence on the structural elements of the graph can be easily traced. We demonstrate by simulations and by graphical means (visualizing the conduction paths) how the current flows through two such graphs, which correspond to two types of films made by random and by correlated deposition of particles.
Mapping of Nano-particle Films to Networks

Particle Deposition
For implementation of our numerical methods we assume that the positions of nano-particles on the substrate are known, e.g., from STM measurements or by statistical estimates based on the parameters of the deposition process. To illustrate our approach, we generate two types of films, shown in Fig. 1 , by sequential deposition of particles of a unique size (determined by the grid spacing). In Fig 1(a) the deposition site for a new particle is randomly selected away from already occupied sites, resulting in a random homogeneous structure. In contrast to the random deposition, in Fig. 1(b) we apply self-avoiding randomwalk dynamics to select the deposition sites. In this case, the non-linear selfavoiding process leads to an inhomogeneous deposition, with inhomogeneity at different scales [16] . In both cases we put N = 1000 particles on the rectangular plane with 100 × 100 grid points (see Fig. 1 ).
Emergent Networks
Next we make a nano-particle film network by connecting pairs of nano-particles, which are spaced within a small radius r from each other. For the purposes of the tunneling processes that we would like to study on these films, the radius r will be selected to coincide with the "tunneling distance", that is known for each nano-particle type. In our numerical experiment, we may vary r from one to few grid points. The emergent networks have a variable, but limited node connectivity, which reflects the local inhomogeneity of the deposition. For instance, the networks shown in Fig. 1 have the average local connectivity k = 9 but with small dispersion σ k1 = 2.62 in the random deposition network, whereas σ k2 = 4.05 in the case of correlated deposition network. Further topological properties of such networks can be studied using the appropriate algorithms and the graph theory [17, 18] .
In the next section we implement the conduction via microscopic tunneling of charges through these networks. For this purpose it is important to check that for a given average particle density ρ (surface coverage) and fixed radius r, the system is above the geometrical percolation point.
Conduction
For the simulations of the tunneling currents driven by voltage differences between two electrodes, the network structure ( Fig. 1 ) is fixed by its adjacency matrixÂ. We then place the electrodes at left-most and right-most nodes of the network. By increasing the voltage difference, the conditions for the electron tunneling into the system of nano-particles from the side of higher voltage electrode are created. Increasing the voltage in small steps, the front of tunneling charges moves towards the low-voltage electrode and eventually touches the electrode when the voltage exceeds a threshold value V T , which depends on the distance between electrodes and other details of the process, described below.
Tunneling Implementation
The energy of charged particles on a network of size N is given by the Hamiltonian [10, 12, 13, 19] :
with the vector of charges at nodes (nano-particles) Q ≡ {Q i }, i = 1, 2 · · · N , the matrix of capacitanciesM, and the potential of the electrodes
where C μ is the vector of capacitance between dots and electrodes μ. The microscopic structure of the underlying nano-particle array appears through the off-diagonal elements of the matrixM, i.e., via the adjacency matrix, i.e., M ij = −A ij for i = j.
The inter-particle charge transport is a stochastic process in which tunneling of an electron between nodes i → j at time t is governed by the probability distribution p ij (t) = Γ ij exp(−Γ ij t), with the tunneling rate [11, 10] 
which is determined by the energy change ΔE ij associated with the tunneling process. Here e is the electron charge, R is quantum resistance and T is temperature.
Next we calculate the energy changes associated to the tunneling along the links of the network. After a single electron tunneling process from dot a to dot b (Q i = Q i + δ bi − δ ai ) the change in the interaction energy term in Eq. (1),
can be written as:
ji (3) becomes:
Similarly, the change in the second energy term of Eq.(1), which is associated with the interaction with the external potential,
In addition, the contribution from the tunneling processes between electrodes and dots is computed. A tunneling process between an electrode and a dot a (Q i = Q i ± δ ai ) contributes the energy changes in both terms, which are:
and
We can write the expressions (4) and (6) can be written in a concise form using the appropriate variables
ic . We obtain:
In the case when C << C q the off-diagonal elements of inverse capacitance matrix fall off exponentially and in calculations of V c we can use only nearst neighbor terms, which speeds up the calculations. In the simulations, following an increase of the voltage on one electrode, it takes some transient period until the distribution of charges become stationary. We then sample the charges at all nodes and currents through all links of the network. The relevant quantities are measured in the following units: charge 
Conduction Paths and Nonlinear Currents
As mentioned above, driven by the external potential, the charges are entering the system from the higher-voltage electrode. When the voltage is small, the charges can screen the external potential, in which case the system may become static and there is no current. For the voltage larger than a threshold value V T the screening does not occur and, after some transient time, a stationary distribution of charges over dots sets-in with a constant current through the system. In general, the experimental measurements of the current-voltage characteristics in nano-particle arrays revealed a non-linear dependence [13] according to the law in a range of values of voltage above V > V T . In Fig. 2(a) we show the results of the simulated current-voltage curves in our two networks. They exhibit a typical non-linear behavior with the exponent ζ > 2. The difference between these two curves appears in the saturation region, visible in the case of inhomogeneous network for voltage around 30V T . This saturation can be explained by the existence of a large number of bottle necks in the inhomogeneous network structure. For the fixed value of voltage V = 10V T we demonstrate how the electrons flow through the network by monitoring the currents through each link. All data are collected after a transient (relaxation) period. The distributions of currents through the links are shown in Fig. 2(b) for the two network topologies. In the case of random network there is a well defined power-law tail with a large slope of ≈ 4.5 (solid line). For the correlated network we found that the flow distribution can be well fitted with a q-exponential form [20] 
often found in non ergodic dynamical systems. Here we find B 0 = 0.22, q = 1.21 and x 0 = 0.03. Applying, for a comparison, the same expression to fit the flow data collected on the random structure, (doted line Fig. 2(b) ), we find quite different values: B 0 = 0.1, q = 1.01 and x 0 = 0.12. These values are compatible with the even distribution of flow over links in the random deposition structure, and the absence of links which play a special role in the conduction process. The observed quantitative difference in the current flow over these two networks are graphically illustrated by visualization of the conduction paths with an appropriate java applet. The images are shown in Fig. 3 . Different levels of gray color are proportional to the current flow along the network links. 
Conclusions
We have implemented a numerical algorithm for analysis of the electron tunneling conduction through nano-particle arrays on a two-dimensional substrates. The inputs in the algorithm are positions of the nano-particles in the x-y plane, that can be obtained either from the appropriate measurements in the real systems or from a theoretical model. We have demonstrated how the algorithm works in two types of networks, corresponding to a random and a correlated deposition of nano-particles. In particular, the flow over the links has been studied quantitatively by the statistical distributions and visualized graphically. In both networks we obtain a non-linear current-voltage characteristics with most available experimental data of nano-particle arrays. Furthermore, we have demonstrated that both of these measures appear to be dependent on the actual structure of the network. Hence, these measures of the current flow can be used as a tool to characterize the film structure-conduction properties.
The graphic visualization algorithm developed in this work (made available for an interactive application on the author's Web site) can be used for visualization of flow in a general case of planar graphs.
